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Abstract  In this paper, a novel approach termed process goose queue (PGQ) is suggested to deal with real-time 
optimization (RTO) of chemical plants. Taking advantage of the ad-hoc structure of PGQ which imitates biologic 
nature of flying wild geese, a chemical plant optimization problem can be re-formulated as a combination of a 
multi-layer PGQ and a PGQ-Objective according to the relationship among process variables involved in the objective 
and constraints. Subsequently, chemical plant RTO solutions are converted into coordination issues among PGQs 
which could be dealt with in a novel way. Accordingly, theoretical definitions, adjustment rule and implementing 
procedures associated with the approach are explicitly introduced together with corresponding enabling algorithms. 
Finally, an exemplary chemical plant is employed to demonstrate the feasibility and validity of the contribution. 
Keywords  real-time optimization, chemical plants, process goose queue, multi-layer process goose queue 

1  INTRODUCTION 

A chemical plant is consisting of a series of in-
terconnected operational units in which downstream 
units are influenced by upstream units, or mutually. 
From a mathematical programming perspective, process 
optimization refers to a nonlinear programming prob-
lem subject to process variable constraints stemmed 
from process models. By real-time optimization (RTO), 
it means that after online recognizing and analyzing 
the influences of uncertain disturbance on the economic 
objective functions, timely intervention is made to 
adjust operational conditions, keeping processes going 
on ideally in terms of economy performance. Tradi-
tionally, RTO approaches can be classified into two 
relatively distinct categories in terms of process model 
architectures: global or centralized architecture and 
decentralized architecture. The existing enabling algo-
rithms for global architecture include penalty function 
methods, feasible direction methods, sequential quad-
ratic programming and so on, which have been widely 
circulated in various research fields [1-3]. Alterna-
tively, evolution algorithms such as genetic algorithm, 
particle swarm optimization and ant colony algorithm 
could be put in use concerning increasing complexity 
of optimization problems [4-6]. However, those global 
optimization algorithms were flung into dilemmas in 
the face of chemical plants. The main impacts on 
global optimization performance in chemical plants 
may arise from model complexity and nonlinearity, as 
well as heavy computational burden due to enormous 
manipulated variables involved. Instead, decentralized 
approaches decompose complex optimization prob-
lems into several sub-systems mutually coordinated. 
Relevant to this research, Dantzig-Wolfe decomposi-
tion [7] has been proved quite active in solving process 
optimizations [8, 9]. However, limited to deal with lin-
ear programming problems, Dantzig-Wolfe decompo-
sition is less adapted for processes which usually in-
volve severe nonlinearity. In a parallel study, Lagrange 

multiplier approaches have attracted much attention as 
well, which firstly convert an optimization problem 
into a multi-system and subsequently deal with it us-
ing coordination parameters. The approaches include 
interaction prediction methods, interaction balance 
methods and interaction prediction and balance meth-
ods [10, 11], which offer theoretical supports for de-
composition and coordination optimization of chemi-
cal plants [12]. Nevertheless, the added Lagrange mul-
tipliers increase the calculation burden, furthermore, 
demanding for separable or approximately separable 
objectives, the above-cited methods are more suscep-
tible to considerable systematic deviations in the pres-
ence of severe nonlinear relations between the global 
objective and sub-objectives.  

Actually, a chemical plant can be recognized as 
the connections of numerous basic operational units, 
which are considered as dynamic systems constituted 
by output process variables and input process variables. 
Inspired by nature of flying goose queue, a certain 
kinds of operational units could be regarded as a goose 
queue so that the achievements of optimum set-points 
of operational units are consistent with the mechanism 
of a flock of geese self-organizing into the optimum 
V-formation. In line with this thought, a novel idea of 
“process goose queue (PGQ)” is proposed to reconfig-
ure chemical plants, thereby optimizing them in terms 
of economic perspectives. With the PGQ methodology, 
chemical plant models can be decomposed hierarchi-
cally according to goose queue formation, resulting in 
a multi-layer process goose queue. RTO for a chemi-
cal plant is therefore converted into PGQ follow-up 
and PGQ-Objective achievement steps governed by 
adjustment rules associated with a PGQ. 

2  PROCESS GOOSE QUEUE METHODOLO-
GIES 

The underlying philosophy of a flying goose 
queue has been studied by several researchers [13, 14], 
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leading to corresponding upwash models. A flying 
goose could generate a position related upward pressure 
known as upwash, which is beneficial for following 
geese both in maintaining altitudes and saving energy. 
Assuming that the wingspans of all birds are constant 
and the upwash function (f0) which is the function of 
position (x, y) is convex, an optimum position is 
available where the upwash is maxima as shown in 
Fig. 1 (a). Every following goose should take the op-
timum position as objective and achieve the optimal 
position by measuring the upwash and communicating 
with their neighbors. The eventual steady-state forma-
tion is shown in Fig. 1 (b). 

From operation perspectives, a chemical plant 
can be recognized as connections of a variety of basic 
operational units. Generally, steady-state relationship 
among the basic operational units of the chemical 
plant can be described by following equation: 

( , )g=Y S X               (1) 
where, Y, S, X and g indicate sets of the output state 
variables, input state variables, manipulated variables 
and steady-state relationship functions, respectively. 
In this sense, we could offer basic descriptions associ-
ated with PGQ approaches. 

Definition 1  PGQ 
A process goose queue (PGQ) is a 3-tuple, PGQ =  

(L, FS, FM), where L is the leading goose position 
(LGP), such that [( | ) ]L L φ⊂ =S , represented as 

 ; FS is the state following goose position (SFGP), 
such that SF ⊂ S  represented as ; FM is the  
manipulated following goose position (MFGP), such 
that M M[( | ) ]F F φ⊂ ≠X , represented as ; and 

S MF F φ∩ = , ML F φ∩ = , SL F φ∩ = . 
The graphical description of a PGQ is illustrated 

in Fig. 2, where the leading goose position (L), state 

following goose position (FS) and manipulated fol-
lowing goose position (FM) represent output process 
variables, Y, input process state variables, S, and input 
process manipulated variable, X, respectively.  

Definition 2  Optimum formation 
An optimum formation, * * * *

S MPGQ ( , , )L F F=  re-
fers to an ideal PGQ formulation in which every goose 
of the PGQ can benefit from the maximum upwash, 
where * denotes the optimum value. 

Practically, optimum operating states could be 
destroyed by uncertain disturbances, which perturb 
LGP from the ideal trajectory or cause the SFGP and a 
MFGP to be different from upwash maxima. All those 
situations will lead to inferior operating states and are 
in desperate need of adjustment to recover. Motivated 
by this idea, two alternative adjustment rules associ-
ated with a PGQ are specified as follows.  

Rule 1  SFGP driven adjustment 
Once the operating state of PGQ deviates from an 

optimum one due to SFGP failing to follow it, MFGP 
would try to adjust its position autonomously to for-
mulate a new optimum formation. At the same time, 
LGP would slightly shift its position to survive the 
adjustment of MFGP. This kind of adjustment implies 
solving the following optimization problems. 

( )
M

2*min
F

L L−               (2) 

s.t. S M

L U

ML M MU

( , )L f F F
L L L
F F F

=

≤ ≤

≤ ≤

 

where f corresponds to the relationship among LGP, 
SFGP and MFGP. 

In regard to Rule 1, the case of SFGP failing to 
follow optimum operating state is equivalent to the 
emergence of the uncertain disturbances in process, and 
L will be driven back to ideal trajectory by manipulating 
FM, keeping FS constant and utilizing steady-state re-
lationship function S M( , )L f F F= . Therefore, Rule 1 
can be adopted as adjustment rule in chemical plant 
RTO mentioned in this paper. 

         
(a)                                              (b) 

Figure 1  Illustration of (a) upwash generated by a flying goose and (b) formation of a goose queue 

 
Figure 2  A PGQ (process goose queue) 
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3  REAL-TIME OPTIMIZATION 

3.1  PGQ formulations 

In fact, process optimization could be identified 
as a procedure of adjusting manipulated variables to 
minimize or maximize economic goals subjecting to 
the constraints of process models.  

The fact that chemical plant models depend on 
the connections of operational units accounts for hier-
archical decompositions of process models, which is 
described as a multi-layer PGQ.  

Definition 3  Multi-layer PGQ 
A multi-layer PGQ consists of several PGQs 

which are organized in a hierarchical architecture. 
Therein, the PGQs are characterized by PGQi =  

S S M( , , , )i Li Si iL F F F , where 1, ,i m=  indicates the 
depth index, SLiF  and SSiF  are the state following 
goose position influenced by the LGP of the lower 
layer 1PGQi+  and LGP of other PGQs, respectively. 
Thus, for each PGQ, we have: 

S S M

S 1

S

S L S S U

M L M M U

( , , )

ˆ

i i Li Si i

Li i

Si

Li Li Li

i i i

L f F F F
F L

F L
F F F
F F F

+

=

=

=

≤ ≤

≤ ≤

          (3) 

where L̂  is the LGP of other PGQs except 1iL + .  
In order to keep the structure consistent with the 

actual chemical plant, SSiF  is deemed as the meas-
urements of local PGQ, while S 1Li iF L +=  present the 
lower and upper PGQ relationship, i.e., the SLF  of an 
upper PGQ may serve as the L of the next-neighbored 
lower PGQ in terms of increased depth index.  

Figure 3 shows the cohesive graph of a multi-layer 
PGQ according to Eq. (3), where dash circle is used 
for grouping the individual PGQs. 

Specifically, the economic objective function of a 
chemical plant optimization problem can be expressed 
in terms of direct related process state variables and 
manipulated variables. Accordingly, a concept about the 

objectives of a multi-layer PGQ is presented as follows. 
Definition 4  PGQ-Objective 
A PGQ-Objective is equivalent to an economic 

objective function of a chemical plant, characterized by 

S1 S2 S S Mmin ( , , , , , , )j nP P P P P Pϕ=     (4) 

where, SjP  ( 1,2, ,j n= ) and MP  are process state 
variables and manipulated variables, respectively. Re-
ferring back to definition 1, SjP  and MP  could be simi-
larly considered as LGP and MFGP of a PGQ, respec-
tively. The graphical descriptions of a PGQ-Objective 
are shown in Fig. 4. Process state variables SjP  con-
nect the PGQ-Objective and multi-layer PGQ. Ma-
nipulated variables MP  are the manipulated variables 
appear in PGQ-Objective and may be coupling with 
other MF  in multi-layer PGQ.  

 
Figure 4  A PGQ (process goose queue)-Objective 

Based on PGQ-Objective and multi-layer PGQ 
structures, the PGQ formulation for RTO is conse-
quently described in Fig. 5. 

 
Figure 5  PGQ formulation for RTO 

 
Figure 3  A multi-layer PGQ 
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3.2  Implementing procedures  

Uncertain disturbances may lead to deterioration 
of process economic performances. Therefore, the 
operational unit in which disturbances occur is called 
Ill-PGQ. Based on PGQ metrics, the implementing 
procedures are suggested to launch the chemical plant 
RTO starting with Ill-PGQ.   

Step 1  PGQ follow-up 
Based on the relations among LGP, SFGP and 

MFGP described in Fig. 5, PGQ follow-up approaches 
start off with the upper layer of the Ill-PGQ ( PGQgj ). 
The optimization problem behind PGQ follow-up ap-
proaches is formulated by Eq. (5) derived from Rule 1, 
in which the previous optimum value of PGQij  is fol-
lowed and tracked by adjusting MijF , while the upper 
PGQ, ( 1)PGQ i j− , would regard ijL  as its SFGP . 

M

1 1
* 2

S S M

S ( 1)

S

L U

M L M M U

 min min ( )

s.t.     ( , , )

         
ˆ         

         

         

ij
ij ij ijFi g i g

ij ij Lij Sij ij

Lij i j

Sij

ij ij ij

ij ij ij

L L

L f F F F

F L

F L

L L L

F F F

σ
= =

+

= −

=

∑ ∑

=

=

≤ ≤

≤ ≤

      (5) 

where *
ijL  is the optimal position of LGP in previous 

optimum formation, which severs as the objective in 
the PGQ follow-up period. 

Step 2  PGQ-Objective achievement 
Based on metrics of PGQ-Objective and multi- 

layer PGQ, the process state variables involved in PGQ- 
Objective can be substituted by all LGPs with depth 
index 1. Thereafter, the optimum value of PGQ-Objective, 

*P , can be achieved by applying Rule 1, i.e., solving 
the following optimization problem: 

M

2 * 2
0

S1 S2 S M

1 S

M L M M U

  min min( )

s.t.   min ( , , , , )
       

       

P

n

j j

j j j

P P

P P P P P
L P

P P P

σ

ϕ

= −

=

=

≤ ≤

     (6) 

3.3  Algorithms 

According to fundamental description of the 
PGQ, chemical plant RTO is equivalent to imple-
menting Rule 1 (SFGP driven adjustment rule) in the 
corresponding multi-layer PGQ and PGQ-Objective. 

As the measurements of PGQi , SSiF  is time- 
varying. Conventional RTO algorithm cannot be im-
plemented because of the failure in reaching steady- 
state. However, referring to RTE [15] strategy, the dy-
namic process of SSiF  can be divided into several time 
intervals, during which SSiF  is deemed as a constant. 
Assuming that the algorithm implementing recycle 

time is equal to one time interval, Rule 1 (SFGP driven 
adjustment rule) is implemented to achieve the optimal 
PGQ-objective in sequence in the time interval. After 
k optimization calculations, continuous improvements 
of manipulated variables M 1 M ,2 M ,[ , , , , ,ij ij ij kF F F  

M , ]ij NF  are achieved. 
In Eq. (5), Inequality constraints can be deleted 

by putting the variables within the boundary values 
during iteration. The first equality constraint is intro-
duced into objective, with the result as followed: 

M

1 1 2*
S S M

S ( 1)

S

min min ( , , )

s.t.     
ˆ         

ij
ij ij ij Lij Sij ijFi g i g

Lij i j

Sij

L f F F F

F L

F L

σ
= =

+

⎡ ⎤= −⎣ ⎦∑ ∑
=

=

 (7) 

At time k, assume that an LGPi  of PGQi  at ,ij kL =  

( ), S , S , M ,, ,ij k Lij k Lij k ij kf F F F  has an estimate of the opti-

mum position value ( ), , S , S , M ,, ,ij k ij k Lij k Sij k ij kL f F F F= . 
According to Taylor expansion in first order, we can 
approximate:  

( )
( )

, S , S , M ,

, S , S , M ,

M , M , ,
M ,

, ,

, ,

ij k Lij k Sij k ij k

ij k Lij k Sij k ij k

ij k ij k ij k
ij k

f F F F

f F F F

f F F
F

υ

=

∂ ⎡ ⎤− +⎣ ⎦∂

+

       (8) 

where ijυ  is the Taylor remainder. 
Thus, if we specify 

( )
( )

M , M ,

, S , S , M ,

, S , S , M ,

M , ,
M ,

( ) , ,

, ,

ij k ij k

ij ij k Lij k Sij k ij k

ij k Lij k Sij k ij k

ij k ij k
ij k F F

d k f F F F

f F F F

f F
F

υ

= −

+

∂
∂

＝

＋       (9) 

T
, M ,[ ]ij k ij kF=ω               (10) 

M M

,
M

ij ij

ij k
ij F F

f
F

⎡ ⎤∂
= ⎢ ⎥

∂⎢ ⎥
⎣ ⎦＝

u             (11) 

The initial value of M ,ij kF  at time k can be obtained 

from the previous estimate 1k−ω , i.e. 
T

M , , 1ij k ij kF −⎡ ⎤⎣ ⎦ =ω             (12) 

The initial value of a PGQ, S ,Lij kF  and S ,Sij kF  at time k, 

can be obtained from the previous estimate 1k−ω , i.e. 

S , ( 1) ,( 1) ( 1) ,( 1) S ( 1) ,( 1)

S ( 1) ,( 1) M( 1) ,( 1)

,

,
Lij k i j k i j k L i j k

S i j k i j k

F L f F

F F
+ − + − + −

+ − −

= = ⎡⎣
⎤⎦+  (13) 
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S , ( 1) ( 1) S ,( 1) M,( 1)
ˆ , ,Sij k k k S k kF L f F F− − − −= = ⎡ ⎤⎣ ⎦     (14) 

The estimate of the LGPi  optimum position, ,ij kL =  

( ), S , S , M ,, ,ij k Lij k Sij k ij kf F F F , can be deemed as the 

stepped objective and marked as *
,ij kL . Therefore, the 

optimization statement of Eq. (5) turns out to be: 

    
M

2
, ,min min ( )ij ij ij k ij kF

d kσ = −⎡ ⎤⎣ ⎦u ω      (15) 

The optimum value of Eq. (15) can be achieved by: 

, , 1 , , , 1[ ( ) ]ij k ij k ij k ij ij k ij kd kα ×
− −+ −u u=ω ω ω    (16) 

where α is the step length, × denotes conjugate trans-
position. 

To study the convergence performance, Eq. (16) 
is expressed as 

1( )k kF −=ω ω              (17) 
The convergence performance can be measured by 
Lyapunov exponent:  

1

0

1 d ( )lim ln
d

k

i

F
kω

λ
−

→∞ =

= ∑ ω
ω

          (18) 

If 0λ < , Eq. (16) converges, and otherwise, Eq. (16) 
diverges 

For Eqs. (17) and (18) we have: 
d ( ) 1

d
F α ×= − u uω
ω

            (19) 

Therefore, if 1 1α ×− <u u  then 0λ <  and Eq. (16) 
converges consequently, and otherwise, Eq. (16) di-
verges. 

Through observing the values of ×u u  and adjust-
ing α to fit 0 2α ×< <u u , convergence can be available. 

The coupling variables M[ ]F=ω  involved in a 
multi-layer PGQ will be affected by their neighbors. 
We adopt the following equations: 

, 1 , , 1

, , 1 , , , 1( )
i

ij k ij l l k
l N

ij k ij k ij k ij ij k ij k

b

d kα

− −
∈

×
− −

⎧ =
⎪
⎨
⎪ = + −⎡ ⎤⎣ ⎦⎩

∑

u u

ψ ω

ω ψ ψ
  (20) 

The first and second equations of Eq. (20) are known 
as the PGQ adaptation and combination updates, re-
spectively. ,ij lb  is considered as 

, 0 ifij l i jb l M N= ∉ ×           (21) 

The actual solution error ijσ  is given by: 

2

1 1

m n

ij
i j

σ δ
= =
∑∑ ≤              (22) 

where δ is the given error limit. 
Now, the general steps of PGQ optimization al-

gorithms are presented as follows. 
Step 1  According to Eq. (20), every PGQij  

adapts its current estimate M[ ]ij ijF=ω  using its indi-

vidual measurements *
, ,{ , }ij k ij kL u  available at time k to 

obtain ,ij kψ . All PGQs exchange their pre-estimates 

, 1ij k−ψ  with their neighbors. Every node combines the 

pre-estimates to obtain the new estimate ,ij kω .  

Step 2  The obtained ,ij kL  will server as SFGP 

of upper layer 1PGQi−  according to Eq. (13). 
Step 3  Making sure that 1 , S ,j k j kL P= , optimize 

PGQ-Objective similarly using Eqs. (9)-(16) and (20) 
to obtain MP . 

Step 4  If a stopping criterion (22) is met, then 
terminate, otherwise go back to Step 1. 

4  A CASE STUDY 

Let’s consider an exemplary chemical plant con-
sisting of a reactor and a distillation column in an in-
terconnected structure as shown in Fig. 6 [16, 17]. An 
irreversible first order reaction occurs in the continu-
ous stirred tank reactor (CSTR). The reaction rate (γ) 
is a function of temperature described by Arrhenius 
expression. In response to the exothermic reaction, the 
temperature of reactor (Tr) is maintained by manipu-
lating cooling water flow rate. Some of the reactant A 

 
Figure 6  A reactor/separator process with recycle 
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is consumed in the CSTR, and a mixture of A and B is 
fed into the distillation column operated at temperature 
(Ts), while the product B is recycled back into the CSTR. 
To meet mass balance, we have: 

0

0 0 D R

0
0 r

D B

B s D
s

0

reactor :    
   

   exp

column :     
    

    exp +
+

overall :    

F D F
F Z DX FZ V Z

E
R T

F D B
FZ DX BX

BiAi X p X
Ci T

F B

γ

γ γ

+ =

+ = +

⎛ ⎞= −⎜ ⎟
⎝ ⎠

= +
= +

⎡ ⎤⎛ ⎞ =⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

=

  (23) 

where E and R0 are parameters of the reactor. Ai, Bi 
and Ci are Antoine constants of the column. 

The optimization objective is characterized by: 

Bmin(1 )P X B= −            (24) 
The manipulated and state variables are [B, Ts, Tr] 

and [XB, Z, Z0, XD], respectively, and therefore, the 
FSLi, FSSi and FMi are [XB, Z, Z0] [XD] and [B, Ts, Tr], 
respectively. It is practical that the change of fresh 
feed composition (Z0) invokes deterioration of the 
objective values. The corresponding PGQ formulation 
for RTO can be described in Fig. 7 where PGQ2 is 
marked as Ill-PGQs. Optimization steps are triggered 
after the Ill-PGQ is detected, tracking and coordinat-
ing each individual PGQ. The objective value of PGQ 
can be referred elsewhere [18]. 

As a summary, the implementing procedures are 
listed as follows. 

(1) PGQ2 follow-up 
Referring to the reactor mass balance in Eq. (23), 

the mathematical model of PGQ2 is obtained as Eq. 
(25), since the Ill-PGQ, PGQ2 tries to bring L2 = [Z] 
back to its previous operating points. Meantime, PGQ2 
utilizes real-time measurements, adapting and ex-
changing their information to obtain a new estimate of 
[B, Tr]. The resultant L2 = [Z] will server as SFGP of 
PGQ1. 

0 0 D 0 D

R
R 0

0 r
exp

F Z DX BZ DX
Z

EF V F V
R T

γ γ

+ +
= =

+ ⎛ ⎞+ −⎜ ⎟
⎝ ⎠

  (25) 

(2) PGQ1 follow-up 
Referring to the column mass balance in Eq. (23), 

the mathematical model of PGQ1 is obtained as Eq. 
(26). PGQ1obtains a new SFGP from L2 = [Z] in PGQ2. 
The new estimate of Ts is obtained by adapting and 
exchanging their information. The resultant XB will 
server as SFGP of PGQ0. 

s
B

s
s

exp

FZp
X

BiD Ai Bp
Ci T

=
⎛ ⎞+ +⎜ ⎟+⎝ ⎠

      (26) 

(3) PGQ-Objective (PGQ0) achievement 
PGQ-Objective gets SFGP from XB achieved by 

PGQ1, and therefore, obtains PGQ-Objective achieve-
ment by adapting and exchanging PM = [B]. 

Results of applying PGQ strategies in PGQ2, 
PGQ1 and PGQ0 are shown in Figs. 8 (a), (b) and (c), 
respectively. Finally, [B, Ts, Tr] = [468, 687, 616] is 
achieved with the objective value of 4.49. 

Performance comparisons are carried out among 
PGQ, Multidisciplinary Design Optimization (MDO) 
and fmincon which is a function in Matlab with SQP 
or IPM method. The results are listed in Table 1. It is 
obvious that the PGQ method used the least elapsed 
time accounts for the superior performance.  

Table 1  Performance comparison 

Methods           Elapsed time/s 

PGQ             1.236088 

MDO             12.113617 

fmincon            1.805469 

5  CONCLUSIONS 

Distinguished features associated with the PGQ 
based RTO methodologies could be revealed from the 
following manifestations. 

 
Figure 7  PGQ formulation for RTO of the exemplary chemical plant 
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(1) In contrast to conventional RTO, which usually 
optimizes a complex objective function involving 
enormous manipulated variables, PGQ-RTO decom-
poses the optimization problem into several PGQ  
follow-up implementations, leading to considerable 
computational simplicity. 

(2) PGQ methodologies are recognized to utilize 
more real-time measurements which are beneficial for 
chemical plant real-time optimization. 

In spite of our efforts on demonstrating the feasi-
bility and validity of the contribution through a case 
study, the convergence issues of the PGQ methodol-
ogy still remain to be investigated mathematically in 
future. In particular, it is estimated that tradeoffs be-
tween convergence speeds and performance might be 
available, which is expected to promote our research 
work more attractive. 

NOMENCLATURE 

Ai, Bi, Ci   Antoine constants of column 
B bottoms flow rate from column 
D    distillate flow rate from column 
E  activation energy of the reactor 
F    reactor effluent flow rate 
FM the manipulated following goose position 
FS the state following goose position 

FSLi the state following goose position influenced by Li+1 
FSSi the state following goose position influenced by L̂  
F0 fresh feed flow rate to reactor 
f   the relationship among LGP, SFGP and MFGP 
f0  the upwash function in physical flying goose queue 
g steady-state relationship function 
k time 
L the leading goose position 
Li+1  the LGP of the lower layer PGQi+1 
L̂  the LGP of other PGQs except Li+1 

*
ijL  the optimal position of LGP in previous optimum formation 

P*   optimum value of PGQ-Objective,  
PM   process manipulated variables in objective expression 
PSj process state variable in objective expression 
ps pressure of distillation column 
R0 perfect gas law constant of the reactor 
S vector of input variables 
Tr temperature of reactor  
Ts temperature of distillation column  
VR reactor holdup 
X vector of manipulated variables  
XB bottoms composition 
XD distillate composition 
x horizontal coordinate of physical flying goose 
Y vector of output variables 
y vertical coordinate of physical flying goose 
Z reactor composition 
Z0 fresh feed composition to reactor 
α step length 

         
(a)                                                 (b) 

 
(c) 

Figure 8  Results of applying PGQ algorithm in (a) PGQ0, (b) PGQ1 and (c) PGQ2 
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γ reaction rate 
δ the given error limit 
σij actual solution error 
φ empty set 

Superscripts 
× conjugate transposition 
* the optimum value 

Subscripts 
i the depth index of multi-layer PGQ 
j the breadth index of multi-layer PGQ 
L lower bound limit 
U upper bound limit 
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